Complete Solutions to Exercises 17(f) 1

Complete Solutions to Exercises 17(f)

1. We need to find the Fourier series of the even function:

1 O<t<m
h(t> 1 —mT<t<O

Clearly the average valueis 1 so A =1.

The cosine Fourier coefficients are given by

A= %Loﬂ (t)cos (it)| dt

_ %ﬂ(l) cos (kt)] dt [Substituting f(t) = 1}

= in |kt
= %[Sin (kt)L Because fcos (kt)dt = sm( >
—~ ki[sin(km) ~0]=0
i -0
Hence the Fourier series is given by the constant function:
h(t)=1
2. The graph of f <t) such that it is even is:
f(t)
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The period 2L =4 = L =2. We only find the constant term and the

cosine coefficients.
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The constant term A =1 because this is the average value of the function
over a complete period.

We use formula (17.22):

0
In our case we have L =2 and f(t) =2 —t for t between 0 and 2.

Substituting these into the above formula gives

Z r kmt
Ak :E‘[ (2—t)cos[7]

We use integration by parts to find this integral. Let

dt

u=2-—t v':cos@]
2
uw =—1 v:fcos@dt: L sin it :lsin@
2 km /2 2 km 2
We have
2
kmt
A = 2 —t)cos|—|| dt
=Sl
2 2
2 .|kt 2 kmt p B ,
= (2 —t)sm[7] —I—EJO‘SHI[—] dt [By f(uv )dt = uv — f(u v)dtl
L 2 First bracket is 0 because
= 2 [0] - cos mt subtituting ¢t =2 and t =0
km km /2 2 )
gives 0.
4 2km
=— o [7] — cos(())
4
= — PR [cos(lm) — 1}
Now we use the following trigonometric result:
L 1 if k= even
coshn) = if & =odd
Substituting the above evaluation of A4 into this yields
4
— 1-1]= if k= even
A == 24 2 [COS(IW) B 1} - k’ng [ } 8
T —-1-1]= if k=odd
s k*m?

This implies that we only have odd cosine terms.
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0 if k= even
Substituting A =1, A =18 and L = 2into the
if k=odd

2_2
m

general FS:
(17.20)

L

f() A[-I—A1(:os[ ]-l—A2 os[ ]—i— -l—BsmL

Gives

8 3t 8 brt
—+ CcosSs -+ COS
327 2 527 2
cos (37?15 / 2) Cos (57rt / 2)
+

3? 5

8 7t
—1+—cos
7 2

+

(ii) Substituting ¢ = 0 into this

cos(3mt /2] cos|bmt /2
f(t)zl—k;cos%t—k (37; )_|- (572 )+
Gives
0 0 0
f(O)zl—k% cos(())—i—co;( >—|—CO;< )_|_CO:2( >_|_
2:1+81+1+1+12+ }
T 3 57
8 1 1 1
1= 71_21—|-32—}—5 +72+
L 1.1 1
=1+t +—+-
B 3 5 7

This is our required result.

3. (i) The graph of odd f(t) is
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The period is given as 27 . We use the following B, formula to find the sine
coefficients:

™

(17.13) B = zf[f(t)sin(kt)} dt

T

We are given that f (t) = %—% between 0 and 7. Therefore

B, = %jo‘ [%—%]sin(lmﬁ)

We use integration by parts to find the right hand integral in (*). Let

dt (*)

u:z—i v':sin<kt)
4 2
w=—= v:fsin(kt> dtz—%cos(kt)

Putting these into the integral gives

[g . g] s (k1)

™

/

0

™

dt = [uv]zr— f(u’v)dt

0

K

1{ifm ¢
=——{|l——= kt

"1[4 z]cos( )
_ 1 [z—z]cos(l{ﬂr)—z

k4 2 4

= —— —%cos(lm) —%

™

—l—%fcos(kt)dt

ii[sm(ktﬂ;}

+ - [sin(kw) - sin (0]

=0

= I—k[cos (km) + 1]
Putting this ]

0

Tt 4 . £\
[Z — 5] sin (kt)‘ dt = E[COS (k?T) + 1] into (*) gives

2 7 t] .
B = ;[ [%—g]sm(kt) dt
2 1
— ;[%[COS (lmr) + 1} = %[cos (lmr) + 1} (**)
Recall that
1 if k= even
cos(kr) =1 _| if k=odd

Substituting this into (**) yields

4
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1 1
B Zi[cos(lm)—l}: Qk[ +1 2 1 even
ook 1 .
__[_1+1]:O if k=odd
2%k

We only have even sine terms in the Fourier series and this is given by
1. 1. 1. 1.
f(t) = gsm (275) + Zsm (415) + Esm (Gt) + gsm (875) + -

We can see this graphically in Maple:

S e sin(2¢) , sin(4¢) , sin(6¢) | sin(81¢)
f=to—t— t =t
t—>i sin(2¢) + L sin(41¢) + 1 sin(61¢) + 1 sin(81)
2 4 6 8
> plot(f,-m..m)
0.6
04
02
-7 im T T T T
s 7 1 4 %

The partial sum of the first 4 non-zero terms in the Fourier series of f (t .

ii) Substituting t = ™ into the above Fourier series
4

f(t)= %sin (2t) + isin (4t) + %Sin (6t) + %sin (8t)+-

1

AT = Lain]2 ™| 4+ Lin|aT +Lein|8 ™|+ Lsin|10T] 4.
4] 2 4 4 8 4] 10 4

+lsin 6z
6 4

T +lsin<7r)+lsin 3Z +lsin(27r)+isin 5z + .-
2 4 6 2 8 10 2

20020+ ) 2] )+

2 6 10 14

What is f [g] equal to?
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Wearegivenf(t)zz— if 0<t<7r.Since0<%<7r SO

Hence we have

T T 1 1 1 1
f_:_:___+___+...
4 8 2 6 10 14

4. (a) We need to sketch an odd function extension to
flt)=t if o<t<n

o t if 0<t<m )
This is f(t):t " _W<t§0.Thegraphls

it

I

o -

b !
P |

We have a period of 27 and it is an odd function so we use the formula
2 m
B =~ t)sin(kt)dt *
o= 1i)sin(i) )
We use integration by parts to evaluate the integral on the right hand side.

Let
u=-t v = sin(kt>

u' =1 v= fsin(kt)dt =— %cos(kt)

We have
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™

Jlosinfaaar = o f (e
-] - Jeoithr

et
_ _%[W cos o) — — [sin (k) — s (0)]}

=0
= —%COS (kﬂ')
Substituting this ][t sin(kt)}dt = —%cos(lm) into (*) yields

0

ks

T 0
= —— —cos(/mr) = ——Cos (kiﬂ')
Using our trigonometric result
(k)— 1 if k= even
R B if k= odd

We have
2 -2 /k if k= even
B = _Z“cos(kr) =
= = cos{bm) 1 2/k  if k=odd

Substituting this into the generic Fourier series with only sine terms gives

sin (2t sin (3t sin (4t sin (5t
) gy 2] o) sn(a) o)
2 3 4 5
We can see the graphical output in Maple:
S e . _ sin(21¢) sin(3¢)  sin(4¢) sin(5¢t) )
f=1t 2( sin() 5 + 3 4 + 5
t—2sin(¢) —sin(2¢) + % sin(3¢) — % sin(4¢) + % sin(5¢)

> plot(f,-2m.2m)

7
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(b) This time we need to sketch an even function extension to
flt)=t if o<t<n

t if 0<t<m

h h is:
» " _W<t§0andt e graph is

TMMsﬂQ:1

J(t)
A

I:J.|:‘| T

We have a period of 27 and it is an even function. The average value of this

function is g so A = g We use the following formula to evaluate the A ’s:

4, =2 [ 1{t)eos(st)ar (%)

We use integration by parts to evaluate the integral on the right hand side.
Let

u=t v’ = cos (kt)
u =1 v = fcos (kt)dt :%sin (k:t)

We have

8
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™

[ [t cos (kt)]dt = wo— [ (u'v)ds
Sttt

0

% 7 sin (/mr) — 0|+ %[COS (kt)};}
=0

o o) -osl]

_ 21 {cos(lmr) — 1}

R
Substituting this ][t Cos (k;t)} dt = %[cos <I<:7r) - 1] into (**) yields
0

> k_12 [cos(kw)—l}] _ %[cos(lm)—l]

Using our trigonometric result

L 1 if k=even
cos k) = 1 if k=odd

A =

k

™

We have

) 0 if k= even
A, ZE[COS(’”)”}: %[_z]:_k;i if k= odd
T e

Substituting this into the generic Fourier series with only odd cosine terms
s
and =—:
14[] 2

cos (t) N cos (325) N cos (5t) N cos(?t) e

4
f<t):z__ 32 52 72

2

We can see the graphical output in Maple:
cos(31) cos(51) cos(71) )
9 + 25 + 49

1 1 1
4(cos(t) + 9 cos(31¢) + 25 cos(5¢) + 29 cos(7t))

I

> g:=t—>%—i(cos(t)+
T

L
2

> plot(g,-2m.2m)

9
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E ; :
-Ix im -7 T 0 n bLs in
o Bl

(¢) This time we need to extend the interval so that the Fourier series

contains both sine and cosine terms:
t if 0<t<m
f(t) = .
0 if —7<t<0

There are an infinite number of choices for this extension and we have

chosen f (t) =0 between —7 and 0 because it will cut down the amount of

arithmetic needed to evaluate the Fourier coefficients.

The graph of the function is

ra =

We have a period of 2m. What is the average value of this function?

The area of the triangle on the above right is . Therefore

P
A= L[W_] —
27| 2

The sine coefficients are given by

7T2
2
s
4

B = %]tsin(kt)dt
0
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This means they are half the coefficients evaluated in part (a) because in that

case we had B = 2fzfsin(k’zf)dzf. Therefore
oo
0

—-1/k if k= even
ol 1)k if k= odd

Similarly from part (b) we have

0 if £ =even
A =
' —% if k=odd
k™m
Putting all these values into the general Fourier series formula:

(17.2) f(t) =A + 4 COS(t) + A, COS(2t> + -+ B, sin (t) + B, sin <2t) + -

Gives
2 cos(3t) cos(dt _ sin(2t) sin(3¢
f(t)zz——cos(t)—k <2 )+ <2 >+"'+Sln(t>— ( )—I— ( )—
4 7 3 5) 2 3
The graphical Maple output is
>, ., " 2 cos(3¢) cos(5¢) cos(71)
ey n(COS(IH o T 25 T 49 )
. sin(21) sin(37)  sin(4¢) sin(51)
+ sin(¢) 5 + 3 4 + 5
2 (cos(t) + L cos(3¢) + L cos(5¢) + L cos(7t))
L 9 25 49
4

T

+sin(f) — % sin(2¢) + % sin(3¢) — % sin(41) + % sin(5 1)

> plot(h,-21.2 1)

im im

0 T T
3

I‘-\_I|

5. We need to find the cosine Fourier series of
ft)=2t  when 0<t<n

We have to extend this function so that it is an even function. We have
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|
_Tt IE

2
Let g(t) be this function so

o) -

Note that this is 2 times the function f (t) of the previous question part (b)

2t when 0<t<m
—2t when —7w<t<0

because

t if 0<t<m
—t if —7<t<0

g<t>:2f(t):1 2t when 0<t<m

—2t when — 7w <t<0
By using the linearity property of section B:

The Fourier series of cf (t) where c is a constant is

cf(t) = cA, + cA cos (t) + ¢4, cos (Qt) + -+ cB, sin (t) + ¢B, sin (Qt) + e

The Fourier series found in question 4(b) was

o (t) N cosg(ft) N cos5£5t) N Cos7(27t) e

T 4
=5-7

Therefore g(t) is double of this

cos(t) N cos3<23t> N cos5(25t) N cos7(27t> e

of) =)=

™
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The graphical output can be seen by using Maple:

cos(31) cos(51) cos(71)
9 + 25 + 49

> g:=t—>ﬂ:—ﬁ[cos(l)+
T

1 1 1
8 (cos(t) + 9 cos(3¢) + 23 cos(51) + 29 cos(7t)]

1—n —
T

> plot(g,-2m.2m)
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Clearly this is an even function as it is symmetrical about the vertical axis.
We only have to find the constant term and the cosine coefficients.

The constant term is given by
1] I
A, :;{f(t> dtz;{sm(t) di

== leos(t)] =~ eon{e) = eoo)) = 1] =2

We use the following formula to find the cosine coefficients:
2 m
17.15 A =— t)cos(kt)dt
(17.15) p == f (t)cos (kt)

We have
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7\'

Akzzf[f cos kt} :—f[sm cos kt} (*)

T

How do we find this integral f[sin t cos kt ] dt ?

By using the following trigonometric identity:
sin(4)cos (B) = 2 [sin (4 + B) + sin (4 - B)
Applying this to the above integrand we have
sin 1) cos (kt) = = [sin (& + 1)¢) + [sin (1 )
Now we can evaluate the above integral
z[sm(t)cos(kt)] ar=1 qsm (+1)¢) e + ];‘(sm (i- k)t)dt}
o1 1)) ]
:

s %{’f oo 1)) = cos(0)] = pleos(1- ) o (0)]}

-l e -

cos((k + 1)t) ’
k+1

0

If £ is even then both £ +1 and 1— & are odd and so
cos((k + 1)7r) = cos((l — k)w) =1
Putting this into the above evaluation yields

Jlsn{eos{i] at = -1 feos (-4 )] 1]+ e (1411

0
1

ST
1{ ) ) }
—_ —— ——|——
olk+1 1-%
1 1
—+—
E+1 1—k
1—k+k+1 2 2

T(kr)—k) (key(k-1) w1
If £ is odd then both k£ +1 and 1—k are even and so

cos|(k + 1)) = cos (1 k)m) =

Substituting this into the above calculation gives
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J:[sin(t)cos@t)} dt = %! L

cos((k: + 1)71) -1

Pl +1— cos((lk)w)l]
0 =1 =1
We have
7 2 :
f[sin(t)cos(kt)] dt ={ k2 —1 if & =even
0 0 if k= odd
Putting this into (*) gives
4
m — f ]{j =
A, 2f[sin(t)cos (kt)] dt = 7'('(]{32 — 1) 1 e
" 0 if k= odd
Evaluating the first few even coefficients (the odd ones are zero):
4 4 4
— , A = A:——,
S Y et ) R e TRV
Putting these and A = 2 into the general Fourier series
™

f(t) =A + A4 COS(t) + A, cos<2t> +...+ B sin(t) + B, sin (Qt) + ...
Yields

—mcos@t) ——cos<6t) + -

7r(62—1)
(3025 <2t) N Cos(4t) N CoS (Gt) e
22 -1 4 -1 6°—-1

_2_4

™ ™

(ii) Putting ¢ = 0 into the derived Fourier series of part (i) gives

2 4 COS(O) cos(O) cos(O)
)= > 1 ro1 o1
N S B +w
T w2'-1 4 -1 6" -1

T22—-1 4 -1 6°—-1

1 n 1 + 1
22 -1 4 -1 6°—1

We have derived our required result.
(iii) The sine series of f(t) = sin(t), 0 <t < is just going to be

f(t)=sin(t), 0<t<2r

15
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(i) We extend the given function so that the graph is given by:
fit)

- |:.'f

L

2

t2 |
=
ol +
Fa
3

f—
-in In T n
2

sin(t) if 0<t<n

This is denoted by f(t):| 0 o ct<9
if = <27

16

(ii) We need to find the constant term A4 , the cosine coefficients, 4, , and the

sine coefficients B, .

The constant term:

We have
1 7.
A, :E[sm(t) dt
1 ™ 1
= —g[cos(tﬂo = __7r COS(ﬂ')—l :;

The cosine coefficients:

We have

™

A= %f £ (t)cos (i) dt = 2 [ sin t)cos (ke

T

We evaluated the following integral in the previous question 6 part (i):
4

A = 2]‘[sin(t)cos (kt)] dt = - 7'('(]{32 — 1)
" 0 if k=odd

if kK =even

Therefore in our case we have half of this because of the 1 /7 rather than
2 / m which is

—L if k£ =even

A =1 (k-1

0 if k=odd

The sine coefficients:
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We have

™

B, = %]:f(t) sin (kt)dt = %fsin (t)sin (kt)dt

0

We use the given helpful result:
F { 0 if m=n

L[sin(maz)sin(nx)da:: _p $om—n
Using this in evaluating B, gives

1 7. . 0 if k=1
Bk:;[81n(t)81n(kt)dt:{1/2 $op o1

. . 1
Hence there is only one non-zero B, which is B, = >

1 1
Substituting these A =—, A = 2 if kis even and B, = 3 into the
T

Coa(w )
generic Fourier series
(17.2) f(t)= A4, + A cos(t)+ A, cos(2t)+ -+ B sin(t) + B, sin (2t) + -
Gives
2 [cos(2t) cos(4t] cos(6t)

1 1 .
f(t):;—; 1 + Ve + o + +581n(t)

We can see the graphical output of these terms in Fourier series by using
Maple:

: 1 2 ( cos(2¢) cos(4 1) cos(61¢) j 1
> = e — = —
A ( 3 "5 tTas )72

sin(t)

2 L cos(2¢) + L cos(41t) + L cos(61)
1 3 15 35 .
+ — sin(¢)

4 T 2

> plot(f,-2m.27)

|u|;:|
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8. The given waveform is identical to the one in the solution to question 7 apart

from the amplitude which is h:

27 in =T m m
i 2 1

imm@) if 0<t<nm

] . From solution to the previous
0 if m<t<2rm

We have g(t) :{

mﬂﬂ if 0<t<m

question we have f(t) =1 0 o<t <on
if <27

Therefore g (t) = hf (t) Applying the linearity property of the Fourier series

given in section B we have

ol)= e - 22

™ s

coZS (275) N cos (4t) N cos (615)
2°—1 4* —1 6> —1

oo +gsm(t)

This is our required result.



