Chapter 5: Real Numbers and Sequences

Exercise 5(f)

1.

By using the “Monotone Convergence Theorem” show that lim(x,) =0
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where X, =—.
n

By using the “Monotone Convergence Theorem” show that lim ( X, ) =0
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1
where X, =—

N

Let x, =1 and X, =%(Xn +3). Prove that lim(xn)=%.

nN—o0

f 1. .
Prove that the sequence X, =,/1—— 1is convergent by using the Monotone
n

Convergence Theorem.

Let (x,) be a real sequence defined by
X 3
X, =2 and X, =—"+— ©
1 n+1 2 2Xn ( )
Prove that the sequence (X, ) defined in (©) is monotone and bounded. Also

prove that lim(x,)=+/3 .

Let (X,) be a real sequence defined by

x, =1 and X,,, =+/1+X,

Show that the sequence (X, ) is monotone and bounded. Also determine
lim(Xx, ).

n—oo

Let (Xn) be a real sequence defined by

X, =1 and X, =+/2+X,

Show that the sequence (X, ) is monotone and bounded. Also determine
lim(x, ).
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Prove the Monotone Convergence Theorem (5.23) which says- “A bounded
monotone sequence of real numbers is convergent” for a bounded
decreasing sequence.

Prove Proposition (5.25) which says that if (Xn) is a bounded decreasing

sequence of real numbers then
lim(x,)=inf{X, | neN}
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where inf is the infimum (Greatest Lower Bound) of the set.

Brief Solutions to Exercise 5(f)

Show that x, = 1 is decreasing and then by induction prove X <1.
n

1 . . .
Prove that X, = — 1is decreasing by using

N

1
<_

1
Jn+1 n

n+l>n <

Then by induction show that x, <1.

Show by induction that X, is decreasing by proving
Xeo1 — X <0

Again by induction show x, >3/4.

/ 1. : .
Show that x, =,/1—— is an increasing sequence and also prove that X <1.
n

Very similar to Example 27. Prove that X, > V3 and (Xn) is decreasing.

Show that the sequence (Xn) is increasing and it is bounded by proving
X, <1.7. The limiting value is gl_l’)l;}(xn) =1.618.

Show that the sequence (Xn) is increasing and it is bounded by proving
X, < 2. The limiting value is %iig(xn )=2.

Very similar to proof of (5.23) but use proposition (5.6) rather than (5.5).
Proof in solution to Question &.



